Abstract. In this paper we reinvestigate the stability and existence of Lagrangian points in the circular restricted 2+1 body problem treated in the framework of the post-Newtonian approximation of the general relativity. It is well known that the stability of the Lagrangian points in the Newtonian case depends on showing that the real parts of the eigenvalues of a matrix are zero. The reason we are reinvestigating this topic is due to the fact that most of the papers written so far on the stability and existence of the relativistic restricted three body problem are not mathematically correct, they have one of the following well known mathematical errors: 1. Showing that an expression is close to a small positive number does not show that this expression is positive 2. Showing that the approximation of an expression is zero does not show that the expression is zero and 3. Showing one solution of a system of equations that is obtained by doing a small perturbation of another system of equations, does not show the existence of a solution of the latter system of equations.
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In the Newtonian case the parameter µ = m 2 m 1 +m 2 describes, up to symmetries, all the possible restricted circular 2+1 body problem. Here m1 and m2 are the masses of the primaries. In the relativistic case, we need two parameters to describe all the possible systems, one is µ and the other one is the number c that represents the speed of light in the units where the period of the primaries is 2π and the distance between the primaries is 1. We point out that c is not necessarily a big number, it is about 10065 for the Sun-Earth system, 6262 for the Sun-Mercury system and it is about 683 for the Pulsar Binary star system, under the assumption that the Pulsar binary star system is circular.
Even though it seems to be almost impossible to find a closed form for the Lagrangian points in the relativistic three body problem, we show in this paper how the Poincare-Miranda theorem can be used to prove the existence of Lagrangian points. One of the main results in this paper provides the exact expression for the characteristic polynomial of the matrix that determines the stability of the Lagrange points. We point out that even without having a closed form for the Lagrangian points, we can show that the characteristic polynomial has the form λ 4 + a1λ 2 + a2, with the expression for a1 and a2 depending on µ, c and the coordinates of the Lagrangian point. The form of this polynomial shows that we indeed have stability results similar to those shown in the Newtonian case. At the end of the paper we find the coordinates of Lagrangian points for some particular systems with a precision smaller than 10 −30 and we compare the new results with those already found in the literature. We conclude that the error in the previous results is big.
Introduction
Lagrangian points could be seen as particular periodic solutions of the restricted three body problem and they are extensively used in space missions. Even thought for practical reasons the effect of relativity theory in the computation of the Lagrangian points may be irrelevant to a mission, it is a good idea to know the exact position of the Lagrangian points when relativity theory is considered and their stability in order to make decisions whether or not working with Newtonian physics is good enough. With the intension to set up notation for the change of units and to get familiar with the terminology, section 2 explains the Newtonian case. Section 3 displays the ODE for the relativistic case. We point out that it is not known that there are also exactly five equilibrium solutions of the ODE in the relativistic case, it is natural to conjecture that we also have 5 of these points and it is natural to also call them Lagrangian points. We point out that the existence is far from being obvious -especially when µ is small-due to the fact that the case µ = 0 degenerates to the case where there is only one massive body and two massless bodies going around. If we were to assign equilibrium points in this case, we would have to say that the ODE has infinitely many equilibrium points, all of them forming a circle. In this way the Newtonian restricted three body problem moves from an ODE having infinitely many equilibrium points when µ = 0 to an ODE having only five equilibrium points when µ > 0. In section 4 we will prove the existence of the point L 4 for the EarthSun system using the Poincare-Miranda Theorem. We point out that the existence of other equilibrium points can be done in a similar way for any other system associated with other parameters µ and c. The existence of the equilibrium points L 1 , L 2 and L 3 is somehow easier because it does not require the Poincare-Miranda theorem, in this case the problem reduces to solve an equation with one variable and therefore the intermediate value theorem can be applied. Regardless of how many equilibrium points we have, or where they are located, section 5 shows that the characteristic polynomial at any of the equilibrium solutions -Lagrangian points-has the form λ 4 + a 1 λ 2 + a 2 . As a consequence we obtain that whenever the two roots of the quadratic equation σ 2 + a 1 σ + a 2 = 0 are negative, then, the roots of λ 4 + a 1 λ 2 + a 2 have zero real part and therefore the equilibrium point is linearly stable. At this point we would like to point out that proving that a quantity is zero cannot be done by considering approximations. For this reason, for the case of L 4 , it is not surprising to have papers like Bhatnagar and Hallan [2] where they conclude that L 4 is unstable because the real part of some eigenvalues are close to a positive very small number in contrast with papers like Douskos et al [4] and Ahmen et al [1] where they conclude that L 4 is stable for some values of the parameter µ because after a set of rounding of order 1 c 2 and 1 c 3 they obtain that the real part of some eigenvalues is zero. So, which one of these results is true having in mind that all of them have used rounding? We will show, even without having a closed form for the equilibrium points, that L 4 is stable for some open region on the set of parameters µ and c.
On section 6 we consider the relativistic restricted three body problem coming from the choice of parameters µ = 0.0384 and c = 4, 10, 50, 100, 400, 800, 1600, 3200, 6400, 12800. We use this 10 ODE systems to compare the previous results with those obtained in this paper. We conclude that in all of these systems, the rounding error in the papers [4] and [1] is big. We would like to point out that according to some authors, for example [5] , papers [1] and [4] are considered to be among the latest results regarding the stability of the Lagrangian points for the relativistic restricted three body problem.
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Circular solutions of the two body problem and changing units
Let us consider two bodies (the primaries) with masses m 1 Kg and m 2 Kg which moves in the space with positions x and y. Let us take the gravitational constant to be equal to G = 6.67384 * 10 −11 m 3 Kg −1 s −2 . It is easy to check that for a given positive number a the functions
s −1 satisfy the two body problem ODË
This solution satisfies that the distance between the two bodies is always a meters and moreover, both motions are periodic since they complete a revolution after T = s. Notice that using the units ut and ud we have that the distance between the two bodies is 1ud and the period of the motion is 2π ut. We also have that the gravitation constant is 1 ud 3 um −1 ut −2 . We point out that the speed of light is
If we denote by µ = m 2 m 1 +m 2 and we work in the new units ut, um, ud, then the mass of the first and second body are 1 − µ and µ and the motion of the primaries are given by
Moreover, if a third body with position z(t) and neglecting mass compare with m 1 and m 2 moves under the influence of the gravitational force of the primaries, then z satisfiesz
A direct computation shows that if we take
where,
2 is a solutions of the (2.4). This equilibrium point (
2 ) is known as the Lagrangian point L 4 . In order to analyze the stability of L 4 we consider the function
as a function of the variables φ = (ξ,ξ, η,η). It is easy to check that the ODE (2.4) is equivalent to the ODEφ = F 0 (φ). In order to analyze the stability of the equilibrium
2 , 0), we compute the 4 by 4 matrix
2 ,ξ = 0,η = 0. Since we can check that the characteristic polynomial of the matrix A 0 is equal to
Then, we conclude that, when either 0 < µ < 1 18 9 − √ 69 or 1 18 9 + √ 69 < µ < 1, then the real part of all the eigenvalues of A 0 is zero and therefore L 4 is linearly stable. It is known that there are 5 equilibrium solutions for the ODE (2.4); we have L 4 , given above,
2 ) and three more of the form (ξ 1 , 0), (ξ 2 , 0) and (ξ 3 , 0) usually label as the Lagrangian points L 1 , L 2 and L 3 . A similar analysis to the one that we just did for L 4 can be done for the other Lagrange points to conclude that L 5 is also linear stable for the same range of the parameter µ and, L 1 , L 2 and L 3 are linearly unstable.
The ODE in the relativistic case:
The equation of the motion for the restricted three body problem are very similar to the one given by Equation (2.4), it takes the form (see Brumberg, 1972 , [3] and Bhatnagar [2] )
where w = w 0 + 1 c 2 w 1 with 
10
≈ 10065.3
We will prove the existence of the relativistic point L 4 for the system Earth-Sun-mass zero body. This is, we will prove the existence of a point (ξ 0 , η 0 ) that is within a distance of 10 −15 of the point ( In order to prove the existence of (ξ 0 , η 0 ), let us consider the following five points Z 0 = 2499985012616009587660193140271 5000000000000000000000000000000 , 1082531750278361975463116188557 1250000000000000000000000000000 And let β 1 be the line that connects P 2 with P 1 , β 2 be the line that connect P 4 with P 3 , β 3 be the line that connect P 3 with P 1 and β 4 be the line that connect P 4 with P 2 . More precisely, There is solution of the system of equations f = 0 and g = 0 inside the region delimited by the union of the curves β 1 , β 2 , β 3 and β 4 . Moreover, we have that the first six significant digits of the functions evaluated at the points Z 0 , P 1 , P 2 , P 3 and P 4 are given by f (P 1 ) = 1.124997 · · · * 10 We also have that the function g > 0 on β 1 , g < 0 on β 2 , f > 0 on β 3 and f < 0 on β 4 . As a consequence of the Poincare-Miranda Theorem we conclude that there exists a point P 0 = (ξ 0 , η 0 ) inside the region bounded by the four curves β i such that f (P 0 ) = g(P 0 ) = 0.
Proof. The proof to the theorem relies on the fact that we have an exact expression (an analytic expression) for f and g and the fact that programs like Mathematica allow us to precisely compute a certain amount of real digits of an exact expression. In order to obtain these digits, it is required that we work with exact numbers, that is the reason we decided to use rational numbers and not decimals. The computation for the values of the functions f and g were obtained by using the command RealDigits[f (Z 0 ), 10, 6] and RealDigits[g(Z 0 ), 10, 6] form the program Wolfram Mathematica 10. Likewise for the points f (P i ) and g(P i ). It is not difficult to check that the directional derivative of g along the velocity of the curves β 1 and β 2 does not change sign, they both are approximately 1.29903, and also, the directional derivative of f along the curves β 3 and β 4 does not change sign, they both are approximately 1.29903. Then, we conclude that the function g is monotonic along β 1 and β 2 , this fact along with the values of g at the endpoints allows to prove that g is positive on β 1 and negative on β 2 . A similar arguments holds for the function f . This concludes the proof of the theorem.
Remark 4.2. The value Z 0 was initially computed to have a good approximation of the equations f = 0 and g = 0 near L 4 . This good approximation is needed to find the curves β i that satisfy the conditions of the Poincare-Miranda Theorem.
Exact expression for the characteristic polynomial at the equilibrium points
The following theorem provides an expression for the characteristic polynomial of a system of the type given by the relativistic three body problem.
Theorem 5.1. Let us consider the potential U = U (x,ẋ, y,ẏ) and let us consider the following system of ODË
where k is a constant. If L 0 = (x 0 , y 0 ) is an equilibrium point of the system above and d = 1+
is not zero atL 0 = (x 0 , 0, y 0 , 0), then, the characteristic polynomial of the matrix that describes the linearization of the ODE at L 0 is given by
Proof. The ODE in this theorem can be reduce to the first order ODEφ = F (φ) with φ = (x,ẋ, y,ẏ) and
and the functions F 2 and F 4 are given as the solution, nearL 0 = (x 0 , 0, y 0 , 0), of the system of equations
Recall that we have that
If we compute the partial derivative with respect to x to the system of equations above and we evaluate atL 0 , we get the following system of equation
This is a linear system on F 2x and F 4x with solution solution satisfying,
Likewise we can obtain expression for F 2y and F 4y and for F 2ẋ , gẋ and finally for F 2ẏ , F 4ẏ evaluated at the pointL 0 . The theorem follow after replacing these expression for the partial derivative of the functions F 2 and F 4 into the characteristic polynomial of the matrix
Comparing the results in this paper with those found before As we pointed out before, the value c that represents the speed of light with respect to the units ut and ud, varies according to the formula c = c 0 * a GM where c 0 = 299792458 and M = m 1 + m 2 is the mass of the system. Since the value c varies, it is part of the parameters that describe the relativistic restricted three body problem.
If we want to talk about error, we would like to go back to the units meters and seconds. Recall that a represent the distance between the primaries in meters and M is the mass of the system in Kilograms. In this section we will be comparing our results with those obtained in 2002 by Douskos and Perdios, [4] , and the results obtained in 2006 by Ahmed, El-Salam and El-Bar [1] .
Notice that when the equilibrium point L 4 is stable, then the roots of the characteristic polynomial are of the form ±ω 1 i and ±ω 2 i. In this case, we expect to have periodic solutions (in the synodic frame of reference (ξ, η)) with periods close to 2 , then, in order to compare the error of the previous two papers, we will consider 10 systems, each one of them with total mass equal to the mass of the sun M 0 , µ = 0.034, and with c taking the values c 1 = 4, c 2 = 10, c 3 = 50, c 4 = 100, c 5 = 400, c 6 = 800, c 7 = 1600, c 8 = 3200, c 9 = 6400 and c 10 = 12800. For each one of these 10 points we will compute the coordinates
that solve the system of equations f = g = 0 with a precision smaller than 10 −30 and we will call this solution the "exact solution". We will compute |Z i − Z 0 | for each of the 10 points and the order of precision of the solution Z 0 . We will also compute, using the exact solution, the values for T 1 and T 2 defined at the beginning in this section and then we will compare them with the values for T 1 and T 2 found in the papers [1] and [4] . We need the following two expression for the characteristic polynomial in order to provide the values of T 1 and T 2 from the previous papers.
Remark 6.1. Douskos and Perdios, [4] , found that for values of c bigger than 65 6 , the characteristic equation of the ODE (3.1) can be approximated by the polynomial
Ahmed, El-Salam and El-Bar, [1] , found that the characteristic equation of the ODE (3.1) can be approximated by the polynomial
Before we proceed we point out that the distance between the primaries a and their period T is related to c and M in the following way Max{|f (Z 0 )|, |g(Z 0 )|} 0.0025 0.0000701 1.13 * 10 −7 7.1 * 10 −9 2.7 * 10 −11 c i 800 1600 3200 6400 12800
Max{|f (Z 0 )|, |g(Z 0 )|} 1.7 * 10 −12 1.08 * 10 −13 6.7 * 10 −15 4.23773 * 10 −16 2.6 * 10 −17
Remark 6.3. A direct verification shows that if c = 4 and µ = 0.034 then, using theorem 5.1 to compute the characteristic polynomial, we obtain that its roots are the four values given by ±0.0878256 ± 0.580403i. Therefore this equilibrium point is not stable. This results contradicts the theorem shown in [1] where they proved that this equilibrium point must be stable.
The following table compares the roots of the following polynomials:
• The polynomial provided by Theorem 5.1 after replacing (ξ, η) with the solutions with a precision smaller than 10 −30 given above.
• The polynomial obtained in the 2002 paper [4] .
• The polynomial obtained in the 2006 paper [1] .
• The Newtonian polynomial, this is, the polynomial λ 4 + λ 2 − 27 4 (µ − 1)µ. This is the polynomial that we obtained when we do not use relativity. In particular we have replaced (ξ, η) with The following table compares the error of the period T 1 and T 2 , see equation (6.1), when we compute them first using the roots of the polynomial p 2002 , then, using the roots of the polynomial p 2006 and finally using the polynomial p N ewton = λ 4 + λ 2 − 27 4 (µ − 1)µ. We will be assuming that the exact values for T 1 and T 2 are those obtained by solving the system of equations that determine L 4 with a precision smaller than 10 −30 . We compute the error using Lemma (6.2) assuming that the mass of the total system is the mass of the sun M 0 = 1.988544 * 10 30 . We point out that if we assume that the mass of the system is, let us say 5 times M 0 , then all the error in the table would be 5 times bigger. ) . Again we are using Lemma (6.2) to compute these distances assuming that the mass of the total system is the mass of the sun M 0 = 1.988544 * 10 30 . We point out that if we assume that the mass of the system is, let us say 5 times M 0 , then all the error in the table would be 5 times bigger. 
Conclusion
• When considering the relativistic case, the rounding error introduced by forgetting about the terms 1 c n with n ≥ 3 is so big that, in all of the cases considered here, the characteristic polynomial given by the non relativistic case produced more accurate information that the characteristic polynomial introduced in the papers written in 2002, [4] , and 2006, [1] .
• The conclusion found in [1] , that states that L 4 is stable as long as µ < 0.0384 is not true.
• Even though the characteristic polynomials found before does not provide good approximations for T 1 and T 2 , we have that the approximation for L 4 given by ) seems to be a good approximation.
• The Poincare-Miranda Theorem provides an useful tool to find the Lagrangian points with any given desired precision.
